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S-PARAMETERS
Scattering Matrix
Vi i
_ —
I, I2
_’ ‘_
V, Lo Zo V,
\VARR » VY
t1 Reference planes 2
Input T.Ii_ L1=r0 Output T.L L2=0
Vi=Vi +Vi V2 =Vo + V'
V i
Define normalised voltages al = —
v ZOl
V r
Note Using normalised voltages bl = 1
= making the characteristic impedances VZa
= m V i
a2 = =2
\V ZOl
V r
b2 = z
ZOl
al ————— — a2
bl ¢——— — b2
tl t2

Outgoing voltage waves o ingoing voltage waves .

bl = S,.al + S,,.a2
b2 = S,.al + S,,.a2

bl] [S1l s12][al

b2| ~ |S21 S22|a2
Scattering
Matrix
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Measurement of S11 & S12

(1) Apply input to Port 1, terminate at Port 2 with a Matched Load ..a2 = 0.

1 . -
S, = b—l) = reflection coefficient at Port 1 (matched load at Port 2).
al’ -0
b2 :
S, = a1 = Voltage transfer ratio Port 1 to Port 2 (matched load at Port 2).
a2=0

(2) Apply input to Port 2 , terminate at Port 1 with a matched load ..al = 0.

w S, = b—z) = reflection coefficient ar Port 2 (matched load at Port 1).
az”’ a1-0
bl .
S, = = = transfer ratio Port 2 to Port 1 (matched load at Port 1).
al=0

Note each S matrix element is in general complex eg

J.0i.]
,J ‘S ‘e

" AN

ratio of amplitudes phase difference of
signals

eg S, = 0.9£-37 = 0.9¢'"

S,, = 4.0127

Note S11,S22 are reflection coefficients .".can plot these on a Smith Chart.

S12,S21 are not reflection coefficients and are usually plotted on a Polar diagram.



Change of reference plane

L1 L2

<—
tr tl t2 t2’

Note positive signs for L1 & L2 are taken to be movements away
from the device

Planes t1’ and t2’

S11'=S11e’?P"  S22' = S22e17F1?

t1'12" t1,t2

S21' = S21eP T g12 = 512 7HH *12)
S Matrix for simple elements

Series normalised impedance

z

—— 1+

t1 2

(1) Connect a matched load at t2 ie

Z
I D Z(in=Z+1 1
t1 12
= Z(in)_zo = Z(in) -1 = z+1-1 = z =
Ziyt+Z, Ziy+1 z+1 +1 z+2
divide by Z, S,, = S,, (Bysymmetry) = —2

to normalise

Z+2

11
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\VZ1 \Y/)
t1 t2
Vi=al+bl V2=a2+bh2
General
11 =al-bl 12 = a2-b2

Series connection .12 = -11.
s.a2-b2=-(al-bl)

Matched load @ Port2 a2 =0

o b2=al-bl
R Ty
alloo al
$21 = 1-811 = 1-—2 = —2_ = $12 (by symmetry)
zZ+2 zZ+2

AN

z+2 7z _ z=z+2

Z2+2 7+4+2 Z+2
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Shunt normalised Admittance
Letz = l
y
1, 1
y zin = Y = Y X top & bottom by y
1 1
—+1 —+1
y y
L = Zin
y+1
Zin - Z 11_1
r=2N-4 _Y X top & bottom by y +1
Zin + Zo 1 4
y+1
1l-y+1 -y
1+y+1 2+y
«bl b2— V1 = V2
al—> <«a2 . a2+b2 = al+bl
matched load on Port2 .. a2 =0
vl V2 gpp = P2 3L bl g
al al al
y
| v Y 22y, Y 2 gy
2+y 2+y 2+y 2+y
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S Parameters for a reciprocal,lossless network

s21
al > ¢ a2
s11 D g 527
bl —— | N
S12

At Port1 Powerin |a; |2

Power out | by |2

- Netpowerin |ai > -|b:?
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Reciprocal network
S21 = S12 (generally Sij = Sji)

For a lossless network Power out = Power in

b =2k

Porti Porti

= [S]isaunitarymatrix

Zsi_s.sif: dsi =1 is s=r
Porti

=0 if s=#r
2port i=1,2 s,r=1&2

S=1r=1 S.,S,+S,S, =1
|Sll|2 +|S’21|2 =1
|18

S=2r=2 S,S,+S,S,=1

|Slz|2 + |522|2 -1

< [Su|=1-[S,[

If the junction is reciprocal :- [Sis| = |Sa1| ..|S22| = |S1al

/C | =RBERACsMicrowa
i
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S=1;r=2 S8, +S,S, =0
Sule’ ™ x[Syle 4 + S, e x|S e =0

— oMbt ) _ i+ 8)

9,. 9%, (reciprocal)

ellC%) _ _gi(%i+s)
c0s2.9, = -cos(%,; +9,,)
sin2.9, =-sin(9, + 9,,)

:)312 21921:%(1911+1922)+%im.7[ m:0,1,2---

..For areciprocal lossless 2 - port network we only need

‘Sn

' l911 & l922

Sheet
8of 11



——
P g N |
y / B

RN ; % -
("~ zRE REC&MicrowaveTheory,Design, N
Modified S Parameters - mismatched source & load
S21
> a2
‘—
al ————
- S11 S12
S11°
modified D FLD ZL % Z0
mismatched load
- |821 S22
bl ¢—— mm—
4 b2
S12
Z -7 a
L =——-2 I =% a2 = b2.T,
Z, +Z, )
b,=S,.a,+S,.a,=S,.a, +S,.b,.T",
—b, =S,,.a,+S,,.a,=5,,.a, +S,,.b,.",
b b
S11' -+ ) Sul = =
a1 1
b S,..a S,..b,.T ] b S...b,.T S,..a
—> S, = 2= 2L, "2 2" L regrrange gives —> -2 2L 21
a, a, al a, al a,
Sy'(1-5,.T)=S, Sy = Su
1-S,,.T,

|y b, =S,.a + Slz.FL.(L].al (divide by a, on both sides)
1-S,,.T,

, S
S11 = S11 +




Mismatched Source

PN

S12
S,,.S.,..T
8221 822 11i SZl FS
11° 4 s
. S
S T 5T
- 11+ s

Circuit performance from S Parameters

Reflection characteristics:-

S11° D

modulus
1+|Sy] \/
1-[s,,

Input V.SW.R =

Power in

ReturnLoss (dB)=10.Log,y) ————
Power reflected

2
=10.Log,, i = -20.l0g,,[Sy,|

o

Z, 1-I 1-S;' V\

complex

G

S22’
modified

Sheet
10 of 11



bl = pB.VB + pA.pB* + pA®. pB*.Vo +
= pB.Vo[L1+ pA. pB +(pA. pB)?

b1 = 22Y0 s = 2
1-pA.pB al
~al = Vo

(1- pA. pB)

7 : - 2 Mi Sheet
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Multiple Reflection Effects
Vo al
) —>
47
b1 al az
g I &
pA — |
) pB.Vo
N
» A. pB2Vo — —
pA. pB.Vo ‘p e “— —>
b1l b2
—) 2 52
pA% pBZVo pA™ pBl Vo bl =S;.al + Spp.a2
‘ } b2 =S,.al + Sy.a2
L<<A
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