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Numerical solution to the current integral equations of a boundary-
penetrating antenna
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Abstract:  Based on the current integral equations of a Boundary-Penetrating Antenna (BPA)
embedded in a three-layer dissipative medium, the closed-form low frequency approximation of the
Sommerfeld-type integrals involved in the current integral equations of the BPA had been deduced. The
physical interpretation of the closed-form formulas was discussed. The input impedance of the BPA is
calculated with the three-term current distribution assumption (entire-domain basic function ).
Furthermore, a simple quasi-static approximation formula was employed to obtain the electric fields on the
ground due to the BPA. Finally, a numerical example was given.
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1 lintroduction Medium 0 z
Ky
When the analysis of an electromagnetic i ar o v e ///—T h

problem is concerned with the earth, the earth is Medium 1 t) 4 o

k1
often assumed simply as a homogeneous dissipative 3353535 }99%”2

]

medium"*, But in the analysis of a drill-rod

Medium 2 t| /s
telemetry system, because the drill-rod is very k;
long and buried in the earth, a more precise model

of the earth is needed. Therefore, the earth should t 1 Y

be thought as a stratified medium, at least, two- T -y

layer lossy medium, one soil and one rock. In", a

modified perturbation method has been presented

to analyze the drill-rod telemetry system, in which Figurel. Geometric configuration of a

.. . . boundary-penetrating antenna.
the exciting source is a loop current. If the drill- yp g

rod itself is used as a dipole antenna excited by a ¢ ) o
. report ing the study on this kind of antenna.
voltage source, the analysis of the antenna shown
. ) ) o . In [4], the current integral equations of a
in fig. 1 is necessary. This is a very difficult
. BPA buried in a three-layer dissipative medium
problem because the antenna, we called it '
, . , . have been deduced by using the Hertz vector and
boundary-penetrating antenna (BPA)’, is so long
. . the principle of superposition. The current
that it stretches through the interface between the
) distribution and the input impedance of the antenna
two medium. So far, there are few references
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can be calculated with Method of Moments
( MoM ). The

Sommerfeld-type integrals in the current integral

numerical calculation of the

equations is rather complicated and time-
consuming. In this paper, the Sommerfeld-type
integrals involved in the current integral equations
are simplified when the frequency wused is
extremely low. How to get the numerical solution
of the complex current integral equations is
discussed. A quasi-static approximation formula is
utilized to obtain the electromagnetic fields due to
the antenna. At last, the input impedance of the
BPA and the electric fields on the ground are

calculated.

2 Current Integral Equations of
BPA

In [4], the current integral equations of a
boundary-penetrating antenna buried in a three-
layer dissipative medium have been worked out.
For convenience and the entirety of the paper, we

repeat them in following
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= kiR = (X — kD), i =1,2, k= (&’ ppe —
Jwpee)'? e J,(Ap)is the zeroth order Bessel function
of the 1st kind. C,, C,, C;, C, are undetermined
constants. Eqs. (1) are the current integral
equations of a BPA buried in a three-layer

medium.

3 Simplification of the Formulas in

Extremely LLow Frequency

The current integral equations of the antenna
can be resolved with Method of Moments (MoM).
The numerical calculation of the Sommerfeld-type
integrals in eqs. (2) is rather complicated and time-
consuming. In actual case, the medium 0 is air,
medium 1 soil and medium 2 rock. So when the
frequency is lower than 1MHz, the displacement
current can be negligible. In general, the
conductivity of soil and rock are 6;,=10*S/m,c,=
107*S/m, respectively. Then we have (the detail

derivation is presented in the Appendix)

law, /u, | > 1, | Bu/u, | < 1 (4
and let d=h—nh,, eqs. (3) can be reduced as
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Noticing the Sommerfeld integral

e O w2
G ) we b 0
we have
e MR e ok
();2(2,2 ) T TZI (6)

where R=[a?+ (z—2')2 ]2,
Roy=[a*+ (z+z' —2hn,)*]"*
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R, = [a*+ (z — 2 — 2(n + Dd)?]?,

R, =1[a’+ (z + 2 — 2h — 2nd)* ]2,

R,=1[a"+ (z—2 4+ 2n+ D],

Ry, = [a*+ (z + 2 — 2h, + 2nd)*]V?
and is the radius of the antenna.

The physical interpretation of the above
results is clear. Under the approximation of eq.
(4), medium 1 can be considered a perfect
conductor respect to medium 2, so the closed-
formula of eq. (6) can be obtained very directly.
The second term on the right side of eq. (6)
indicates the image of a dipole in medium 2
reflected on the boundary plane between media 1
and 2. As we known, for a vertical dipole in the
medium 1, the reflection coefficients at the upper
boundary (media 0—1) and lower one (media 1—
2) are both — 1[1],

summation term in eq. (7) represents the infinite

therefore, the infinite

series of the images of the dipole reflected on both

boundary planes.

Gy (2,2),G5 (2,2') can not be reduced to
closed-form formulae. Fortunately, the calculation
of them can be avoided through the discussion of
the physical meanings of eqs. (1). When two
dipole antennas are located in close proximity to
each other, the current distribution on one is
affected by the field radiated from the other one
[2]. In fact, the boundary-penetrating antenna
may be considered a pair of antennas: the upper
part of the antenna in medium 1 and the lower part
of the antenna in medium 2. The first term of the
left side of eq. (1a) and the second term of the left
side of eq. (1b) are the mutual terms. As we
discuss above, in the condition of extremely low
frequency, to a reasonable approximation, medium
1 can be considered a perfect conductor respect to
medium 2. That means that the effect on the upper
part of the lower part is trivial. Due to the
attenuation of the lossy medium, the current on
the upper part of the antenna is much small.
Moreover, from the view of math, there is a factor
of f=Fk3/k}, which is great less than 1, in G, (z,
z') of eq. (2b) , so the second term of the left side
of eq. (1b) contributes much less to the eq. (1b).
(1) are

negligible. But we should bear in mind, wiping off

Hence both the mutual terms in egs.

the mutual terms does not mean that the upper
part and the lower part of the antenna do not affect
each other. In fact, the effect of them are implied
in that the currents on the upper part and the
lower part must be continual at the interface

between media 1 and 2.

4 Numerical  Solutions and

Discussion

Suppose a J-source, V,, is applied on the
antenna, we have the current integral equation of

the antenna

0 n,
[J ’ 1,(z") + J 1,(2") ]Gy (2,2 Hde' =

k.
2n SRV sink, | (8a)

C' cosk,z — ]
J 311 (2')G,, (z,2")de’ = C',cosk,z + C',sink,z
h,

(8bh)
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where C',, C',, C'y are undetermined constants.
Eqgs. (8) can be solved numerically to get the
current distribution on the dipole antenna by using
Method of Moments with the three-term current
distribution assumption ( entire-domain primary
function)

1,(2') = Asink, (h, — 2') +

B, [cosk (' — h,) — cosk,(hs — h,) ]+

C, [COS %(z/ — h,) — cos %(h,3 — hz)] (9a)
1,(z') = A,sink,(hy; — 2') +
B,(cosk,z’ — cosk,h;) +
C,(cos %z’ — cos %hg) (9b)
1,(+') = Asink,(— h, — =) +
B, (cosk,z' — cosk,h,) +
. k. k,
C,(cos ?Zz’ — cos ?'hl) (9¢)
Considering the current continue conditions
13(0) :12(O>a Ig(hg)zll(hg) (10)
we may let
_ sink,(hy — hy)
A= sink, (hy — hZ)AZ’
_ coskyh, — cosk,h,
By = 1 — cosk, (h,; — hz)BZ’
k, 2
cos —h, — cos —h,
Co— 2 2"
o1 = /3 AR
1 — cos ?1(/13 — hy)
_ sinkyhy , 1 — coskyhy
A = sinkZhIA’ B = 1 — cosk,h,” *’
1 — cos %hg
C,=—————C,
k,
1 — cos ?hl
The input impedance of the antenna can be
obtained from the following equation
Z:, :V(>/Iz(o) :VO/IS(O) an
In general, the electromagnetic fields can be

obtained by the integration of the current over the
antenna when the current distribution on the
antenna is available. But it is rather complex due
to the existence of the layered medium.
Considering the extreme low frequency, we adopt
another more simple approximate approach to
calculate the fields. We are just interested in the

electromagnetic fields that are on the surface of the

earth and near the antenna (p << 100m ), so

comparing with the 1000 meter-length of the BPA,
the drill-rod may be considered as a semi-infinite
stick. Then there is a quasi-static approximation

formula of the electromagnetic field [6]
wz/foq (=)
Amhip

where ¢(2) = é diz’(zZ)

E,(p,2) ~ a2

. Also the dominant part of

the current on the antenna is I,, hence from egs.

(9) and (12) we have

CER ) cosky (B — ) +

E,(po)~— ATRE p

B,sink,> + %sm k—zj (13)

2

For the typical parameters;: h=1000m,d=100m,o
=10"%/m.,0,=10"'s/m, a=0. 1lm, where ¢,, o,,
a are the conductivity of soil, rock and the radius
of the antenna, respectively. We have the results

shown in Figs. 2~5.
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Figured. The electric field on the surface of the ground(m, V)
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Figure5. The electric field on the surface of the ground(m, V)

From Figs. 2 and 3 we can see that the input
reactance of the BPA is small, and the input
resistance varies slow with the frequencies, then
the match between the antenna and the exciting
source is easy. Comparing with the case of a loop
antenna in a borehole’, it has shown clearly in
Figs. 4 and 5 that the efficiency of a dipole antenna
is much better. Consequently, from the view of
application, it is obvious that the exciting sort of a
dipole antenna is more practical than that of a loop
antenna used in an electric drill-rod telemetry
system.

The model presented in this paper is much
close to the reality of the electric drill-rod
telemetry system, more difficult to analyze, of
course. The Sommerfeld-type integrals involved in
the current integral equations of the BPA are
reduced to closed-form formulas when the
frequency is extremely low and the numerical
computing time is saved much. The quasi-static

formula leads to get the electromagnetic fields

simply.

Appendix

A is real when the integral route in
Sommerfeld integrals (2) is along the real axis. In
the case the displacement current is negligible, we
have ki=

— jwpoo;s then ki/ki=0,/0;1s real. Let

VE + joue,
VA A jopo,

with a not complex algebra procedure we can

=u -+ ju

obtain
u’® -+ v? =
[A* 4 w1 (0? + DA + w'ploio? ]'V?
A+ WP ot

u’ +v? is the function of A, let A (A) =u*+v*, we

have its derivative

2h () Xt 1
A+ & (of 4 o)A 4 w'pbolio?
It is obvious that A (A)is an increasing {unction

2

n ) = (o] — o)

when ¢;>>0;, and a decreasing function when ¢,<C
o;» for A>>0. The following results then can be

acquired easily

c . .
lau,/u, | = 0.71 Vut + v 6= =
i 0
0 JI g
o
b h(O)| = o,/o, > 1
(o %~ %
U} g
o, ‘
| Buy/u, | = O_Z VA
!
1 U_/ 52
o,
<= VRO |,
1 O":O'L
= o,/0, < 1
here o, is the conductivity of air and is almost equal
to zero.
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